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THE CORRECT SOLUTION TO THE PROBLEM 

I ,  M .  M i n k o v  

The p r o b l e m  c o n c e r n i n g  the t e m p e r a t u r e  field o f  a coil  hea ted  by e l e c t r i c  c u r r e n t  is r educed  in [1] 
to  so lv ing  the P o i s s o n  equat ion  A T  + (qv/X) = 0 with the bounda ry  condi t ion X(0T/0n) + hT = 0* o n t h e  t o r u s  
s u r f a c e s .  H e r e  A is the Lap lace  o p e r a t o r ,  T is the t e m p e r a t u r e ,  qv is the t h e r m a l  flux dens i ty  g e n e r a t e d  
by the e l e c t r i c  c u r r e n t  p e r  unit t ime ,  X is the t h e r m a l  conduc t iv i ty  of the coil  m a t e r i a l ,  and h is the heat  
t r a n s f e r  coef f ic ien t .  The solut ion is c o n s t r u c t e d  in a t o r o i d a I  s y s t e m  of coo rd ina t e s  c~,/3 which  a r e  r e l a t e d  
to  cy l i nd r i ca l  c o o r d i n a t e s  z, p as  fol lows [2, 3]: 

cshc~ esin 13 
P cha--cos~' Z = c h a _ c o s  

where  c is a s ca l e  f ac to r .  

By the subs t i tu t ion  

(0..< a < o o , -  ~ < p ~  ~), 

T (~z, p) = U (~, p) - -  q~cZ shz a (1) 
4)~ (ch cr - -  cos ~)~ 

the p r o b l e m  is r e duc e d  to  f inding funct ion U which  sa t i s f i e s  the  Lap lace  equat ion AU = 0 and the bounda ry  
condi t ions  at  the  t o r u s  s u r f a c e  a = a0 

[OU q~ c~ s h % ( 1 - - c h % c o s f $ ) ]  = B i [ U  qo c2 sh2% .l Bi hc (2) 
(oh a 0 - -  cos p) 0ok 2~ (ch % 7- cos [~)2 4-~ (ch % - -  cos p)2 j '  = -~ '  

Af t e r  s e p a r a t i o n  of v a r i a b l e s ,  funct ion U can be wr i t t en  as  

U = t / 2 ch a - -  2 cos ~I ~ A,~Q~ _ 1/2 (oh cz) cos n~ (0 < ~ < n), (3) 
tZ~0 

w h e r e  Qn_l/2(t) a r e  s p h e r i c a l  funct ions  and A n a r e  unknown n u m b e r s  yet  to  be d e t e r m i n e d .  In se r t i ng  this  
e x p r e s s i o n  fo r  U into (2), in o r d e r  to  d e t e r m i n e  An, y ie ids  

2 c h % - -  2cos[~ ~ , 
+ . . . . . .  ~ : ~ 'A,,Q . _  ,/2cos np 

V ~ ~ h  ~---- 2 cos ~ 
n ~ D  

00 
Z dos np 

A.Q~ _ i/2 / 2 c h  % - -  2 co s  

qKc2 1 - -ch%cos[5  1 _ Bi s ~ %  E Q ~ _  I/2A,~ 
2% (ch % - -  cos ~)5/2 ]/-ch % - -  co~ t~ 

n = 0  

*In [I] this condition is stated in the form kgrad T = hT. Such a notation is inaccurate on two counts: it 

does not indicate that the projection of vector grad T on the outward normal to the torus is under consid- 

eration here and, secondly, the minus sign before h is omitted. The second error is compensated later by 

omission of the minus sign before 0T/aa in the boundary conditions. 
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cos n~ Bi q~ c ~ sh s o 1 , 
X ~ 2 ch So - -  2 cos [~ 4--~ (ch % - -  cos [3) ~/2 ]/ ch ao - -  cos Ii" (4) 

where ,  fo r  s imp l i c i ty ,  Qn- i /2  ~: Qn- l /2  (cos h a  0). E x p r e s s i o n  (4) has  been  de r ived  in [1]. It is c o r r e c t .  I n s e r t i n g  

i f2  ch ao--2cos ~ ,~ Qn - 1 (ch a0) cos n~, e~ = for n = 1, 2, 3... 
n = 0  

into t hose  t e r m s  in (4) whe re  t h e r e  is no s u m m a t i o n  s ign and then in tegra t ing  f r o m  0 to  7r, Ivanov without 
jus t i f ica t ion  equa tes  t e r m s  with the s a m e  s u b s c r i p t  n and thus  a r r i v e s  at  the wrong  conclus ion .  The c o r -  
r e c t  p r o c e d u r e  is to  d e t e r m i n e  A n in the usua l  m a n n e r ,  as  fol lows.  

We mul t ip ly  (4) by x/2 cos  h a  0 - 2 cos  fl, in t roduce  new unknowns 

and obtain 

X,~ = A n Q'n - z/2 (ch ao), 

co 

EX,,co n,,_ r [(2 ch % - -  2 cos [3) 5/~ 
t ~ O  r ~ O  

2cha~176  ]=0 ( O ~ < z  O, 
(2 ch c% - -  2 cos [~)5/2 

(5) 

(6) 

where  

d,~=Q", - r e ( c a ~ 1 7 6  ( 1 - - B i  s ~ o  ) + 2chczo. 
Q . - ~/2 (oh s0) 

Funct ion/3  on the  l e f t -hand  s ide  of Eq. (6) will  be equal to  z e r o ,  if all  coef f ic ien ts  of its s e r i e s  expans ion  in 
c o s m ~  a r e  equal to  ze ro .  These  coef f ic ien t s  a r e  found b y m u l t i p l y i n g ( 6 ) b Y ( e m / n ) c o s n ~  ( m =  0, 1, 2 . . . .  ) 
and subsequen t ly  in tegra t ing  f r o m  0 to  ~. 

P e r f o r m i n g  the n e c e s s a r y  ope ra t ions  and cons ide r i ng  that  

Q"~ - ,/2 (ch %),  
m~d~ 1 COS 

(2 Ch % - -  2 cos[~) 5/2 3 
0 

we obtain an infinite s y s t e m  of l i n e a r  a l g e b r a i c  equat ions  in the unknown v a r i a b l e s  Xn: 

2 Xm+~ ,4- (e~ - -  1) Xm--, 

8,, - -  + b,~ (m = 0, 1, 2. . .) ,  (7) 

where 
b r a _  2q~C~ern 2 ,, ,, 

We note tha t  the s y s t e m  has  n o n z e r o  m a t r i x  e l e m e n t s  on the p r inc ipa l  d iagonal  and on the adjoining ones.  

! O ~ Cons ide r ing  that  Qm-i/2 (cos ha0 ) /Qm_J~(c  s h a  0) and Qm- i /2  (cos hol 0) tend t oward  z e r o  as  m in- 
c r e a s e s  [21, it is  e a s y  t o  p r o v e  that  b m --.-0 when m ---~, and that ,  beginning at s o m e  m = m0, the  s u m  of 
the coef f ic ien t s  of the unknowns 12/d m I is s m a l l e r  than 5 < 1. This m e a n s  [4] tha t  the infinite s y s t e m  (7) 
is c o m p l e t e l y  q u a s i r e g u l a r  and can be solved by the method  of s u c c e s s i v e  r educ t ions .  The value m 0 de -  
pends  on h, e, k, o% and can e a s i l y  be d e t e r m i n e d  in e v e r y  spec i f i c  ease .  The va lues  of X m found f r o m  (7) 
with (5), (3), and (1) t aken  into account  yield,  unlike [1], the c o r r e c t  so lut ion to  the p r o b l e m .  
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